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Abstract
In the �rst part of this talk we summarise some recent progress in modelling quasinormal
modes of non-GR black holes. In the second part we address the issue of testing GR with
supermassive black hole shadows.



Testing GR with black hole 
shadows & quasinormal modes 

Kostas Glampedakis 



Part I 
  

Can we test gravity with 
supermassive black hole shadows? 

 Based on KG & Pappas arXiv:2102.13573 



A century apart …
1919

2019

The Eddington-Dyson solar eclipse  
expeditions measure gravitational deflection 
of light, thus bolstering confidence to 
Einstein’s recently formulated GR theory.  

The EHT collaboration releases the first 
direct image of a BH, the supermassive BH  
at the centre of the M87 galaxy. The shadow 
(associated with the BH’s photon ring) also 
represents extreme light deflection.  



BH shadow and its radius
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• The textbook definition of a BH shadow is summarised in the figure.  

• The shadow is really a manifestation of (i) the presence of a photon ring 
and (ii) the absence of a light-emitting surface. 

• The shadow radius is an intrinsic 
property of the spacetime, 
determined by the radius of the 
photon ring (unstable circular 
photon orbit).

bph = 3
p
3M ⇡ 5.2M
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Schwarzschild BHs



BH shadow and its radius
• The shadow of Kerr BHs is almost circular unless the spin is close to    

its maximum value a=M and the BH is viewed “edge on”.

One of the first published  
shadow figures, Bardeen (1972).



M87* black hole factsheet

d ⇡ 17.9Mpc
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Mass estimated from: 
(i) The radius of the quasi-circular 
shadow, given the measured angular 
size/distance and assuming GR. 

(ii) Stellar kinematics in the vicinity   
      of the BH. The accretion flow geometry  

(modelled with the help of 
numerous GR-MHD simulations)    
is uncertain, being something 
between quasi-spherical to a thick 
disk configuration. 

poorly constrained
J
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M
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M ⇡ 6.6⇥ 109 M�
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The M87* shadow as a test of GR 
gravity (and of the “Kerr hypothesis”)

• A recent EHT paper [Psaltis et al. PRL 125 (2020)] used the shadow 
radius to constrain deviations from GR. 

• This was done with the help of the Johannsen (2013) metric, a cleverly 
designed  parametrised deformed Kerr spacetime. 

• For simplicity we ignore the BH spin (it only has a modest effect unless it is 
very high). The shadow radius can be identified with the impact parameter 
b of the photon ring. Only one metric component matters: 
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GR limit:



translates to an upper/lower bound 
for         (assuming            ).

Psaltis et al. (2020)

The M87* shadow as a test of GR 

• The ≈ 17 % error in the shadow 
radius relative to the GR value  

"3 = 0
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• With more deformation parameters 
“switched on” these bounds (per 
parameter) become weaker. 

• However, such tests of GR come with some caveats:

Matter: the impact of the largely unknown accretion properties.

Gravity: the impact of dimensional constants in non-GR theories.

[Gralla (2020)]

bGR = 3
p
3M ⇡ 5.2M
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The impact of accretion physics
• The actual apparent shadow radius does depend on the geometry of the 

illuminating accretion flow. This can vary from a quasi-spherical flow to a 
thin disk flow.  

• An (unrealistic) example: the shadow of a “backlit” BH is somewhat larger, 
b ≈ 6.2M.

Gralla et al. (2019)

b = 3
p
3M
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The impact of accretion physics
• Accretion in M87* is something between quasi-spherical to a thick disk 

configuration. The corresponding shadow radius is [Gralla et al. (2019)]:

• We can replot the previous shadow radius figure (assuming a non-rotating 
BH) as a function of the deformation away from GR, with the “matter 
uncertainty” added.

The uncertainty in the 
accretion physics mostly 
overlaps with the                 
measurement error.  

bGR
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b > bGR
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The               range remains 
“clean”. 

b < bGR
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Non-GR gravity: the key role of 
dimensional coupling constants

• Many of the widely studied alternative to GR theories of gravity are described 
by Lagrangians of the general form:

L = LGR + Lscalar + ↵{scalar terms}⇥ {non-linear curvature terms}+ Lmat
<latexit sha1_base64="DJ9uXsXHZwBVvkuaClPKmdKd2lU="></latexit>

with a coupling constant of dimensionality:                                        ↵ = (length)n = (mass)n
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n ≥1

• A typical example is Einstein-scalar-Gauss-Bonnet gravity (EsGB): 

↵ = (length)2
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dimensionless,            
“user-specified”

R2
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Nair et al. (2019) + Clifton et al. (2020)

Bounds from GW signals of binary BHs

• Among other things, GWs probe the celestial mechanics of the binary.

• For the particular example of EdGB gravity, the metric of a non-rotating BH 
looks like this:

⌘ =
↵f 0(�1)

4M2
⌧ 1
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[ Julié & Berti (2019)]

• η > 1 implies significant deviation  
from GR during the last few orbits of 
a binary BH.   
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• Bounds from LIGO/Virgo:                                    

↵1/2 . few km
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Mass-rescaled coupling constant
• Now assume we want to test a theory like EsGB using the M87* shadow.

• The shadow and the observed image is the result of photons moving along 
the BH’s geodesics. We can write schematically:

EsGB geodesics- GR geodesics = O(η) 

• The theory’s extra “universal constant” is α, which is constrained by GW data. 
For a supermassive BH like M87* the dimensionless η is mass-rescaled:
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• Photons near M87* “see” a GR BH spacetime; to a very high precision the 
shadow is indistinguishable from Kerr and the test fails!

• The same argument applies to EMRI sources for LISA [Maselli et al. (2020)], 
but in that case the instrument also probes the non-geodesic orbital evolution. 



Implications for shadow-based tests of GR
• The previous analysis, and given the current precision of GW observations, 

has serious repercussions for probing deviations from GR using the image/
shadow of a supermassive BH.

•Supermassive BH shadows cannot test non-GR theories when:

•Supermassive BH shadows can test non-GR theories when:

� The Kerr metric is still an admissible solution (trivial case).

� The BH metric is non-Kerr but the theory is endowed with dimensional        
coupling constants. This class contains the majority of theories 
considered in the literature. 

� A theory has dimensionless coupling constants in its Lagrangian.                       
A member of this minority class is Einstein-aether gravity. 

� A theory with dimensional coupling constants can evade the GW           
bounds in stellar mass BHs (see next slide).



Evading the GW bounds (I)
• There are two mechanisms that could enable the evasion of GW bounds 

from compact object binaries.       

• Screening: the non-GR degrees of freedom are suppressed below some 
lengthscale (this is a “trick” commonly used in cosmology for evading bounds 
from solar system and compact binary tests). Typically, this is achieved by a 
scalar-coupling modification of the matter part of the Lagrangian. 

This is irrelevant for BHs, given their vacuum solution nature.

L = L
GR

+ L
non�GR

+ L
mat
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• BH screening could be achieved by the addition of higher-order derivatives in 
the “non-GR” part of the Lagrangian (e.g. the Vainshtein mechanism). 
However, screening solar-mass BHs but not supermassive ones may require 
some fine-tuning in the screening physics.                                                                                  



Evading the GW bounds (II)
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Adapted from Berti et al. (2021). 
See also Herdeiro et al. (2021)

• Spin-induced scalarisation: the non-GR BH is Kerr below some spin 
threshold. Above the threshold it undergoes a spontaneous “scalarisation”, 
and becomes a non-Kerr BH with scalar “hair” (i.e. scalar charge). 

• Scalarisation in EsGB gravity: it takes 
place for (see figure):

a & 0.5M
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• Existing GW observations probe BHs 
with                    , so they could miss 
higher spin scalarised systems. 

a . 0.7M
<latexit sha1_base64="rGl3ExLGRQQ0RM+7CHkwo6buXj8=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp2W3CvVY9OJFqGA/oF1KNk3b0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvCjhTBvf/3YKG5tb2zvF3dLe/sHhkXt80tRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGt/N/daEKs1i+WSmCQ0FHko2YAQbK/VcF6Mup1prJpDvVdFDzy37nr8AWidBTsqQo95zv7r9mKSCSkM41roT+IkJM6wMI5zOSt1U0wSTMR7SjqUSC6rDbHH5DF1YpY8GsbIlDVqovycyLLSeish2CmxGetWbi/95ndQMbsKMySQ1VJLlokHKkYnRPAbUZ4oSw6eWYKKYvRWREVaYGBtWyYYQrL68TpoVL7jyKo/X5dptHkcRzuAcLiGAKtTgHurQAAITeIZXeHMy58V5dz6WrQUnnzmFP3A+fwCQQ5JO</latexit>

• M87* could be rapidly spinning, so scalarisation 
could be a viable way of evading the GW bounds. 
However, this possibility represents a small 
portion of the a/M-η parameter space. 



Part I conclusions

• The combination of GW bounds and mass-suppression of dimensional 
coupling constants makes BH shadow-based tests of gravity blind to a       
large portion of non-GR theories. 

• The results discussed here should have similar implications for astrometric 
tests of GR around our Galactic SgrA* supermassive BH (e.g. the GRAVITY 
experiment). 

• The same can be said for electromagnetic observations of accretion flows 
around AGNs (since both the matter and radiation move along geodesics 
of the supermassive BH).   

• Shadows could still probe theories with dimensionless constants or special 
cases where screening and/or spin-scalarisation invalidate GW bounds. 

• In all cases the uncertain accretion flow properties introduce a moderate 
error. The regime                 may not be affected.   b < bGR
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Part IΙ 
 Quasi-normal modes of non-GR 

black holes

based on:  
KG & Silva PRD (2019) 
Silva & KG PRD (2020) 
Bryant, Silva, Yagi & KG (in preparation) 



BH ringdown and “spectroscopy”

!n = !R(M,a) + i!I(M,a)
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n = 0, 1, ..
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BH spectroscopy beyond GR

• The relevant QNM perturbation wave equations have been derived for a 
number of theories [or even classes of theories as in Tattersall et al. (2018)]. 
In their vast majority, these equations refer to spherically symmetric (i.e. 
non-rotating) BHs.  

• Despite the relative wealth of perturbation equations, relatively few       
QNM solutions have been obtained so far.  

• Testing deviations from GR:  extraction of QNM frequencies from 
ringdown signal (“BH spectroscopy”).  

• This approach requires modelling of QNMs of BHs beyond GR.

• Our work on QNMs is based on the short-wavelength eikonal 
approximation as a means for solving the equations. The approach                         
is largely “theory-agnostic”.



Geodesic analogy of QNMs
• In GR, the eikonal approximation is based on the geodesic analogy of the 

BH’s fundamental QNM: its frequency                              can be directly linked 
to the geodesic properties of the photon ring (i.e. the unstable circular orbit of 
photons). 

! = !R + i!I
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• The key quantities are the orbital frequency and Lyapunov exponent                        
(rate of diverge/convergence of light rays near the photon ring).

rph
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<latexit sha1_base64="Vyd6CMmRAAUfZYmCssbHFB6SaoQ=">AAACEnicbVDLSsNAFJ34rPVVdelmsAi6sCRV0I1QdKO7CvYBTQk300k7dCYJMxOhpPkGN/6KGxeKuHXlzr9x+lho64ELh3Pu5d57/JgzpW3721pYXFpeWc2t5dc3Nre2Czu7dRUlktAaiXgkmz4oyllIa5ppTpuxpCB8Tht+/3rkNx6oVCwK7/Ugpm0B3ZAFjIA2klc4diNBu+Dd4kt84gYSSOpkaTnDQ7cLQoCXulLguJcNvULRLtlj4HniTEkRTVH1Cl9uJyKJoKEmHJRqOXas2ylIzQinWd5NFI2B9KFLW4aGIKhqp+OXMnxolA4OImkq1His/p5IQSg1EL7pFKB7atYbif95rUQHF+2UhXGiaUgmi4KEYx3hUT64wyQlmg8MASKZuRWTHphctEkxb0JwZl+eJ/VyyTktle/OipWraRw5tI8O0BFy0DmqoBtURTVE0CN6Rq/ozXqyXqx362PSumBNZ/bQH1ifP1hmnUw=</latexit>

!R = `⌦ph
<latexit sha1_base64="z2KtuaWadn4gpmaEK6L77gOCJYM=">AAACCHicbVBNSwMxEM3Wr1q/Vj16MFgET2W3CnoRil68WcW2QreUbDptQ5PNkmSFsvToxb/ixYMiXv0J3vw3ptsetPXBwMt7M2TmhTFn2njet5NbWFxaXsmvFtbWNza33O2dupaJolCjkkt1HxINnEVQM8xwuI8VEBFyaISDy7HfeAClmYzuzDCGliC9iHUZJcZKbXc/kAJ6pH2Lz3EAnOPgOnungRI47o/abtEreRnwPPGnpIimqLbdr6AjaSIgMpQTrZu+F5tWSpRhlMOoECQaYkIHpAdNSyMiQLfS7JARPrRKB3elshUZnKm/J1IitB6K0HYKYvp61huL/3nNxHTPWimL4sRARCcfdROOjcTjVHCHKaCGDy0hVDG7K6Z9ogg1NruCDcGfPXme1Msl/7hUvjkpVi6mceTRHjpAR8hHp6iCrlAV1RBFj+gZvaI358l5cd6dj0lrzpnO7KI/cD5/AHm+mQA=</latexit>

Photon ring Eikonal QNM

In a spherically symmetric spacetime: 



QNMs beyond GR

ψ= tensor perturbation 

Θ= scalar perturbation 
x(r) = tortoise coordinate 
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<latexit sha1_base64="mqr8XoD9Q9kOi8GOr04MoHaXSwo="></latexit>

• In general, a non-GR theory will have the usual tensorial (metric) part 
coupled with a scalar field degree. This coupling is reflected in the 
perturbation equations describing QNMs. In spherical symmetry, and after 
separation of variables, these have the general form: 

• Eikonal approximation (ε=bookkeeping parameter):

 = A

 

(x)eiS(x)/✏
<latexit sha1_base64="KKboX2PG3zfoqLPkUuJzb95B9jQ=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEYhN3o6CNELWxjGgukF3D7OQkGTI7u8zMimHJE9j4KjYWitha2/k2Ti6FJv4w8PGfczhzfj/iTGnb/rZSC4tLyyvp1cza+sbmVnZ7p6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/uWoXr8HqVgobvUgAi8gXcE6jBJtrFY270aK4TN83hpD4eEAw13C8I2hQxeMx0MxbGVzdtEeC8+DM4UcmqrSyn657ZDGAQhNOVGq6diR9hIiNaMchhk3VhAR2iddaBoUJADlJeNzhjhvnDbuhNI8ofHY/T2RkECpQeCbzoDonpqtjcz/as1Yd069hIko1iDoZFEn5liHeJQNbjMJVPOBAUIlM3/FtEckodokmDEhOLMnz0OtVHSOiqXr41z5YhpHGu2hfVRADjpBZXSFKqiKKHpEz+gVvVlP1ov1bn1MWlPWdGYX/ZH1+QNwYJp8</latexit>

⇥ = A⇥(x)e
iS(x)/✏

<latexit sha1_base64="p1eZ01sJyE2ZnMfxIg418xAsVWM=">AAACEnicbZC7TgJBFIZnvSLeVi1tJhITaHAXTbQxQW0sMXJLAMnscIAJs7ObmVkj2fAMNr6KjYXG2FrZ+TYOsIWCfzLJl/+ckzPn90LOlHacb2thcWl5ZTW1ll7f2Nzatnd2qyqIJIUKDXgg6x5RwJmAimaaQz2UQHyPQ80bXI3rtXuQigWirIchtHzSE6zLKNHGatu5ZrkPmuBzfNFOMPuQw3AXM3xr6KgJoWI8EKO2nXHyzkR4HtwEMihRqW1/NTsBjXwQmnKiVMN1Qt2KidSMchilm5GCkNAB6UHDoCA+qFY8OWmED43Twd1Amic0nri/J2LiKzX0PdPpE91Xs7Wx+V+tEenuWStmIow0CDpd1I041gEe54M7TALVfGiAUMnMXzHtE0moNimmTQju7MnzUC3k3eN84eYkU7xM4kihfXSAsshFp6iIrlEJVRBFj+gZvaI368l6sd6tj2nrgpXM7KE/sj5/ADwjm/g=</latexit>

! = O(✏), ` = O(✏�1), ✏ ⌧ 1
<latexit sha1_base64="gHDESgWT99qA/p+gWdg8oB63azU="></latexit>
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<latexit sha1_base64="xS9N93H8cLcq3IEP4axTIMVqEm8=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmaqoJtC0Y3LivYBnWHIpGkbmmSGJCMtw3Tvxl9x40IRt36AO//GtJ2Fth4IHM45l5t7gohRpW3721paXlldW89t5De3tnd2C3v7DRXGEpM6DlkoWwFShFFB6ppqRlqRJIgHjDSDwfXEbz4QqWgo7vUoIh5HPUG7FCNtJL9QvPOT02EKK9CGY5cH4TBBOoVjCSvST1zJIU9Nyi7ZU8BF4mSkCDLU/MKX2wlxzInQmCGl2o4daS9BUlPMSJp3Y0UihAeoR9qGCsSJ8pLpMSk8NkoHdkNpntBwqv6eSBBXasQDk+RI99W8NxH/89qx7l56CRVRrInAs0XdmEEdwkkzsEMlwZqNDEFYUvNXiPtIIqxNf3lTgjN/8iJplEvOWal8e16sXmV15MAhOAInwAEXoApuQA3UAQaP4Bm8gjfryXqx3q2PWXTJymYOwB9Ynz9GlZqD</latexit>

with the condition at the “peak”

! = O(`)
<latexit sha1_base64="8pRMjR8u5IdCFFN2Y2HdB2EK5rE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSVEEvQtGLNyvYD2hC2Wyn7dJNNuxuhBLqxb/ixYMiXv0X3vw3btsctPXBwOO9GWbmBTFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hhKJpFCnggvZCogCziKoa6Y5tGIJJAw4NIPh9cRvPoBUTET3ehSDH5J+xHqMEm2kjn3giRD6BF/i1KOE49sxLnnA+UnHLjplZwq8SNyMFFGGWsf+8rqCJiFEmnKiVNt1Yu2nRGpGOYwLXqIgJnRI+tA2NCIhKD+dfjDGx0bp4p6QpiKNp+rviZSESo3CwHSGRA/UvDcR//Paie5d+CmL4kRDRGeLegnHWuBJHLjLJFDNR4YQKpm5FdMBkYRqE1rBhODOv7xIGpWye1qu3J0Vq1dZHHl0iI5QCbnoHFXRDaqhOqLoET2jV/RmPVkv1rv1MWvNWdnMPvoD6/MHSZqVfg==</latexit>



BHs in Gauss-Bonnet gravity
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<latexit sha1_base64="6/Kn3ErCL1RvGZT7OMMqocwzRBY="></latexit>

• Einstein-scalar-Gauss-Bonnet gravity was discussed in Part I of this talk. 

• We consider non-rotating BHs, assuming an expansion in ↵

M2
⌧ 1

<latexit sha1_base64="G0rSt3++7qlq213ChV6IkXXfqsc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSKuix6MWLUMF+QFPLZLtpl242YXcjlBAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+6AoZ4I2NNOctmNJIfQ5bfmjq4nfeqBSsUjc6XFMuyEMBAsYAW2knn3gBRJI6gGPh5ClN/fVDHucY7dnl52KMwVeJG5OyihHvWd/ef2IJCEVmnBQquM6se6mIDUjnGYlL1E0BjKCAe0YKiCkqptOP8jwsVH6OIikKaHxVP09kUKo1Dj0TWcIeqjmvYn4n9dJdHDRTZmIE00FmS0KEo51hCdx4D6TlGg+NgSIZOZWTIZgItEmtJIJwZ1/eZE0qxX3tFK9PSvXLvM4iugQHaET5KJzVEPXqI4aiKBH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx+/65Zr</latexit>

ds2 = �A(r)dt2 +B�1(r)dr2 + r2d⌦2
<latexit sha1_base64="RFTmj9CxG2/DbwX0F3+hYhatZjY=">AAACHXicbVDLSgMxFM34rPU16tJNsAgVaZkZC7oRat24s4J9QDstmUzahmYeJBmhDP0RN/6KGxeKuHAj/o2Z6Sy09UDCyTn3cnOPEzIqpGF8a0vLK6tr67mN/ObW9s6uvrffFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1nfJ34rQfCBQ38ezkJie2hoU8HFCOppL5ecUXPgpewBK+K/AS6Ur1OYa0Xl8wpTBWeKsntdm89MkQ9q68XjLKRAi4SMyMFkKHe1z+7boAjj/gSMyRExzRCaceIS4oZmea7kSAhwmM0JB1FfeQRYcfpdlN4rBQXDgKuji9hqv7uiJEnxMRzVKWH5EjMe4n4n9eJ5ODCjqkfRpL4eDZoEDEoA5hEBV3KCZZsogjCnKq/QjxCHGGpAs2rEMz5lRdJ0yqbZ2XrrlKo1rI4cuAQHIEiMME5qIIbUAcNgMEjeAav4E170l60d+1jVrqkZT0H4A+0rx8bPp0E</latexit>
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<latexit sha1_base64="Noq8CcF6QFMHk7v4US5hlEiPzk4="></latexit>

f 0
0 = f 0(� = 0)

<latexit sha1_base64="wMLaCRKRhoVkt7vn7vgp0COzyVk=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEi1E2ZqYJuCkU3LivYC3TGIZNm2tBkJiQZoZTu3Pgqblwo4tZXcOfbmLYjaOsPgY//nMPJ+UPBqNKO82XllpZXVtfy64WNza3tHXt3r6mSVGLSwAlLZDtEijAak4ammpG2kATxkJFWOLia1Fv3RCqaxLd6KIjPUS+mEcVIGyuwD6PAufOEpJzAKox+sOSJPq06J4FddMrOVHAR3AyKIFM9sD+9boJTTmKNGVKq4zpC+yMkNcWMjAteqohAeIB6pGMwRpwofzS9YwyPjdOFUSLNizWcur8nRogrNeSh6eRI99V8bWL+V+ukOrrwRzQWqSYxni2KUgZ1AiehwC6VBGs2NICwpOavEPeRRFib6AomBHf+5EVoVsruablyc1asXWZx5MEBOAIl4IJzUAPXoA4aAIMH8ARewKv1aD1bb9b7rDVnZTP74I+sj2+eA5fc</latexit>

where

M4
<latexit sha1_base64="Y4X/gIUh5iaN10PTcw1ClBohHrM=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmakE3YtGNG6GivUA7lkyaaUMzmSHJCGXoI7hxoYhLfRf3bsS3Mb0stPWHwMf/n0POOX7MmdKO821lFhaXlleyq/ba+sbmVm57p6aiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1v38xyuv3VCoWiVs9iKkX4q5gASNYG+vm6q7UzuWdgjMWmgd3CvmzD/s0fvuyK+3cZ6sTkSSkQhOOlWq6Tqy9FEvNCKdDu5UoGmPSx13aNChwSJWXjkcdogPjdFAQSfOERmP3d0eKQ6UGoW8qQ6x7ajYbmf9lzUQHJ17KRJxoKsjkoyDhSEdotDfqMEmJ5gMDmEhmZkWkhyUm2lzHNkdwZ1eeh1qx4B4VitdOvnwOE2VhD/bhEFw4hjJcQgWqQKALD/AEzxa3Hq0X63VSmrGmPbvwR9b7Dy4KkLg=</latexit>

M4
<latexit sha1_base64="Y4X/gIUh5iaN10PTcw1ClBohHrM=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmakE3YtGNG6GivUA7lkyaaUMzmSHJCGXoI7hxoYhLfRf3bsS3Mb0stPWHwMf/n0POOX7MmdKO821lFhaXlleyq/ba+sbmVm57p6aiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1v38xyuv3VCoWiVs9iKkX4q5gASNYG+vm6q7UzuWdgjMWmgd3CvmzD/s0fvuyK+3cZ6sTkSSkQhOOlWq6Tqy9FEvNCKdDu5UoGmPSx13aNChwSJWXjkcdogPjdFAQSfOERmP3d0eKQ6UGoW8qQ6x7ajYbmf9lzUQHJ17KRJxoKsjkoyDhSEdotDfqMEmJ5gMDmEhmZkWkhyUm2lzHNkdwZ1eeh1qx4B4VitdOvnwOE2VhD/bhEFw4hjJcQgWqQKALD/AEzxa3Hq0X63VSmrGmPbvwR9b7Dy4KkLg=</latexit>

M4
<latexit sha1_base64="Y4X/gIUh5iaN10PTcw1ClBohHrM=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmakE3YtGNG6GivUA7lkyaaUMzmSHJCGXoI7hxoYhLfRf3bsS3Mb0stPWHwMf/n0POOX7MmdKO821lFhaXlleyq/ba+sbmVm57p6aiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1v38xyuv3VCoWiVs9iKkX4q5gASNYG+vm6q7UzuWdgjMWmgd3CvmzD/s0fvuyK+3cZ6sTkSSkQhOOlWq6Tqy9FEvNCKdDu5UoGmPSx13aNChwSJWXjkcdogPjdFAQSfOERmP3d0eKQ6UGoW8qQ6x7ajYbmf9lzUQHJ17KRJxoKsjkoyDhSEdotDfqMEmJ5gMDmEhmZkWkhyUm2lzHNkdwZ1eeh1qx4B4VitdOvnwOE2VhD/bhEFw4hjJcQgWqQKALD/AEzxa3Hq0X63VSmrGmPbvwR9b7Dy4KkLg=</latexit>
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<latexit sha1_base64="26qoJ1j7r0dFBUBViMGFq2Ali7A=">AAAB6nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm1shIjmAskaZiezyZDZ2WVmVghLHsHGQhFLfRd7G/FtnGRTaOIPAx//fw5zzvFjzpR2nG8rt7C4tLySX7XX1jc2twrbO3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IOLcd64p1KxSNzqYUy9EPcECxjB2lg3V3flTqHolJyJ0Dy4Uyiefdin8duXXe0UPtvdiCQhFZpwrFTLdWLtpVhqRjgd2e1E0RiTAe7RlkGBQ6q8dDLqCB0Yp4uCSJonNJq4vztSHCo1DH1TGWLdV7PZ2PwvayU6OPFSJuJEU0Gyj4KEIx2h8d6oyyQlmg8NYCKZmRWRPpaYaHMd2xzBnV15HurlkntUKl87xco5ZMrDHuzDIbhwDBW4hCrUgEAPHuAJni1uPVov1mtWmrOmPbvwR9b7DysCkLY=</latexit>



Axial perturbations & QNMs

d

2

Q

dx

2

+ p

ax

(r)
dQ

dx

+
⇥
!

2 � V

ax

(r)
⇤
Q = 0

<latexit sha1_base64="BNXon5C/OqR/wgtHXftxilRqMcU="></latexit>

• The axial parity modes do not couple to the scalar field. Their radial 
eigenfunction Q is described by the equation: 

Q(x) = A

ax

(x)eiS(x)/✏

<latexit sha1_base64="iE2omqIDBZV1Yf+8elqdYViHWCw=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaHOVEE3QtWNyxbtBdpaMulpG5rJDElGWoZ5CDe+ihsXirh14c63Mb0stPWHwMd/zuHk/G7AmdK2/W0lFhaXlleSq6m19Y3NrfT2TkX5oaRQpj73Zc0lCjgTUNZMc6gFEojncqi6/etRvfoAUjFf3OlhAE2PdAXrMEq0sVrpoxLODg7xBb5sRQ3pYTKIxwbcRwzfGjpuQKAY9wWOW+mMnbPHwvPgTCGDpiq20l+Ntk9DD4SmnChVd+xANyMiNaMc4lQjVBAQ2iddqBsUxAPVjMZHxfjAOG3c8aV5QuOx+3siIp5SQ881nR7RPTVbG5n/1eqh7pw3IyaCUIOgk0WdkGPt41FCuM0kUM2HBgiVzPwV0x6RhGqTY8qE4MyePA+VfM45yeVLp5nC1TSOJNpD+yiLHHSGCugGFVEZUfSIntErerOerBfr3fqYtCas6cwu+iPr8wdbkpvu</latexit>

• Eikonal limit ansatz:

• Leading-order eikonal results, accurate to O(↵2)
<latexit sha1_base64="mp6CKRJGxkrDc9qciyEC4Qc0nPg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCrosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxrjkAY8HcF85wV276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0mjUnZPy5Xbs2L1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gB1/pPt</latexit>

• The axial eikonal modes admit the same geodesic analogy as in GR. 
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<latexit sha1_base64="FRFPrISI5rXxieoH61XDnKLPW60="></latexit>

• Solving the equation to              and             order leads to        and        . As it 
turns out, the peak is located at                            . 
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Polar perturbations & QNMs
• In contrast to the previous case, the polar parity modes are described by 

coupled equations for the tensor and scalar perturbations.
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• An interesting technical detail: the eikonal limit ε << 1 and the expansion 
in the coupling α do not commute, i.e. it matters which expansion comes 
first and which parameter is formally the smallest. In order to ensure a 
smooth GR limit we take α << ε.

The potentials and coupling functions 
are derived to             precision O(↵2)
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• We show leading-order eikonal results, accurate to 

Polar QNMs

• As in the axial case, non-GR corrections first appear at            . In addition, 
the polar modes displays a “Zeeman” splitting with two possible solutions. 
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• It is unclear if the present case of coupled equations admits some sort of 
geodesic analogy. 



Eikonal vs numerical QNMs  (axial)
• The same QNMs have been calculated numerically (and to higher order in α) 

by Blázquez-Salcedo et al. (2016) for the special case of Einstein-dilaton-GB 
gravity, i.e. 
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• The following figures show the l=2 QNM frequencies normalised to their 
corresponding GR values. 
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Eikonal vs numerical QNMs  (polar)

• The polar QNMs have two branches, “gravitational-led” and “scalar-led”, 
named after their corresponding GR limit (α—>0). These two branches 
correspond to our +/- solutions.  

• We plot leading order and higher order eikonal results. 
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• No simple geodesic analogy was found for the coupled tensor-scalar QNMs 
(but this does not mean there isn’t one!).

Part II conclusions

• The eikonal approximation is a versatile tool for calculating QNMs of non-
GR BHs. The example of EdGB (as well as previous work on Chern-Simons 
gravity) suggests a few % precision with respect to numerical data. This can 
be improved by adding higher-order pieces.   

• The eikonal QNM formulae (and the wave equations themselves) are subject  
to the same mass-suppression effect of the coupling constant as the geodesic 
equations. LISA’s ability to probe other theories may be compromised (this 
was first suggested in Maselli et al. (2020)). 

• The eikonal scheme should be equally well applicable to non-GR BHs with 
spin (in which case a numerical computation might not be that easy).
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